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Abstract 

Using the approach of the modified Euler-Lagrange field equation 
together with the corresponding Seiberg-Witten maps of the dy- 
namical fields, a noncommutative Dirac equation with a Coulomb 
potential is derived. We then find the noncommutative modification 
to the energy levels and the possible new transitions. In the nonrela- 
tivistic limit a general form of the hamiltonian of the hydrogen atom 
is obtained, and we show that the noncommmutativy plays the role 
of spin and magnetic field which gives the hyperfine structure. 
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1 Introduction 

The connection between string theory and the noncommutativity [H [2j [3l |4] 
motivated a large amount of work to study and understand many physical 
phenomenon. There is a flurry of activity in analysing divergences 5^, uni- 
tarity violation [B] , causality [7] , and new physics at very short distances of the 
Planck- length order . 

The noncommutative field theory is characterised by the commutation rela- 
tions between the noncommutative coordinates themselves; namely: 



where are the coordinate operators and 0'"^ are the non-commutativity pa- 
rameters of dimension of area that signify the smallest area in space that can 
be probed in principle. The Groenewald-Moyal star product of two fields / (x) 
and g (x) is given by 



The most obvious natural phenomena to use in hunting for noncommutative 
effects are simple quantum mechanics systems, such as the hydrogen atom [51 
IIOI 111] . In the noncommutative space one expects the degeneracy of the initial 
spectral line to be lifted, thus one may say that non-commutativity plays the 
role of spin. 

In a previous work jT2l, by solving the deformed Klein-Gordon equation in 
canonical non-commutative space, we showed that the energy is shifted: the first 
term of the energy correction is proportional to the magnetic quantum number, 
which behavior is similar to the Zeeman effect as applied to a system without 
spin in a magnetic field; the second term is proportional to 9^ , thus we explicitly 
accounted for spin effects in this space. 

The purpose of this paper is to study the extension of the Dirac field in the 
same context by applying the result obtained to a hydrogen atom. 

This paper is organized as follows. In section 2 we propose an invariant 
action of the noncommutative Dirac field in the presence of an electromag- 
netic field. In section 3, using the generalised Euler-Lagrange field equation, 
we derive the deformed Dirac equation. In section 4, we apply these results 
to the hydrogen atom, and by the use of the perturbation theory, we solve 
the deformed Dirac equation and obtain the noncommutative modification of 
the energy levels. In section 5, we introduce the non-relativistic limit of the 
noncommutative Dirac equation and solve it using perturbation theory and de- 
duce that the non-relativistic noncommutative Dirac equation is the same as 
the Schrodinger equation on noncommutative space. Finally, in section 5, we 
draw our conclusions. 
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2 Seiberg-Witten maps 



Here we look for a mapping (p^ (p^ and A — > A (A, A^), where (j)^ = (A^, ip) is 
a generic field, A^, and ip are the gauge field and spinor respectively (the Greek 
and Latin indices denote curved and tangent space-time respectively), and A is 
the U(l) gauge Lie- valued infinitesimal transformation parameter, such that: 

^^{A) + l^P^{A) = ^^{A + 5xA), (3) 

where 5\ is the ordinary gauge transformation and 5^^ is a noncommutative 
gauge transformation which are defined by: 

(5^-0 — iX* ipj ^aV' = iXip, (4) 



A, A, 



d^X. (5) 



In accordance with the general method of gauge theories, in the noncom- 
mutative space, using these transformations one can get at second order in 
the non-commutative parameter (or equivalently 9) the following Seiberg- 
Witten maps [T]: 

^ i; + e^P^ + O {9^) , (6) 
X = X + 9X^iX,A^) + 0{9^), (7) 
A^^A^ + 9Al{A^) + 0{9'), (8) 
F,^^F,^iA^)+9F;,^iA^) + 0{9'), (9) 



where 



F^, ^ d^A, - d,A^. (10) 



To begin, we consider an action for a non-commutative Dirac field in the 
presence of an electrodynamic gauge field in a non-commutative space-time. 
We can write: 



S= I d^xl^* (il^'Du - m) * V3 - Jfm- * F^" ) , (11) 



where the gauge covariant derivative is defined as: D^ij) = -f- ieA,^ * i). 

Next we use the generic-field infinitesimal transformations ([4]) and ([5]) and 
the star-product tensor relations to prove that the action in eq. ()lip is invariant. 
By varying the scalar density under the gauge transformation and from the 
generalised field equation and the Noether theorem we obtain [13j : 

S - ^M^^ + d,d. I + O {9') ^ 0. (12) 
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3 Non- commutative Dirac equation 



In this section we study the Dirac equation for a Coulomb interaction (— e/r) in 
the free non-commutative space. This means that we will deal with solutions of 
the U(l) gauge-free non-commutative field equations ^14|. For this we use the 
modified field equations in eq. and the generic field so that: 

SA^ — dfj,X — ieA^i * X + ieX * A^, (13) 

and the free non-commutative field equation: 



a^F., - ie 



= 0, (14) 



where we assumed the non-commutative current to vanish everywhere in space 
(r 7^ 0) [Ij. Using the Seiberg-Witten maps ([l])-® and the choice ([14]) (static 
solution), we can obtain the following deformed Coulomb potential [lOj : 

3 

ao^-'-~^0'^x,+O{9'), (15) 
a, = + O {0') . (16) 



Using the modified field equations in eq. (|12l) and the generic field -0 so that: 

S~Jj = iX * ij, (17) 

the modified Dirac equation in a non-commutative space-time in the presence 
of the vector potential up to the first order of can be cast into: 

(i7^9^ - m) 1/; - e^^A^i, + -9^" -i^dpA^^d^^j - 0. (18) 

3.1 Non-commutative space-space Dirac equation 

For a noncommutative space-space (9^^ = where i = 1, 2, 3), we do not consider 
a noncommutative space-time (0°' 7^ ) since several works have shown that 
the theory suffers lack of unitarity. See for instance ref [6], it is easy to check 
that: 

il^dy, - m = i7°9o -I- 17*9; - m, (19) 

-e7^i, = +^7° - e^^'^:,, (20) 

|r'^7^api,a. = '^,9^'l'x.d, = ^7"^ • t. (21) 

Notice that: 9i — ^eijk9jk- Then the noncommutative Dirac equation (jlSp up 
to O (9^^ takes the following form: 



ij"do + i^d, - m + -7° - ^-f'9''x, + ■ t 

r 4r 2r 



ij{t,r,9,ip)=0. 

(22) 
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We can write this equation as: 

H^{t,r,9,ip)=idoi^it,r,9,ip). (23) 

Then 

H^Ho + Hp^^t, (24) 
where Hq is the relativistic hydrogen atom hamihonian 

2 

Ho = -^ (-i^) +pm~^, (25) 
and -ffpgr* is leading-order perturbation 



-> — > 



Kert = -^0 ■ L+-e ■(Jlx-,j. (26) 

The first term of (pS)) which coincides with the one given in PU] describes 
the interaction spin-orbit where 6 plays the role of spin. The second term is 
absent in ref [TU] and 9 here corresponds to a magnetic field. 

In the above the matrices and (3 are given by: 



/3 = 



I \ / cr* 

-/ 



where are the Pauli matrices: 

1 / 1 \ . „2 { . .Mo 



To investigate the modification of the energy levels by (|26l) , we use the first- 
order perturbation theory. The spectrum of Hq and the corresponding wave 
functions are well known and given by (see [TBI flTl fTSl [T9 l I2CT 1 [2T] ) : 



where the bi-spinors ^jiu {9, (p) are defined by: 



(27) 



^^■"^ (^'^) - I / (,-+l/2)±(M+l/2) ^.^ ^ . ffl ' ' 

V 2j + (l±l) ^J±l/2,Af+l/2 l*^, W 



with the radial functions / (r) and g (r) are given as: 



/ (r) \ {maf' / (iJ>f — m:^) n! 



'{r) J ^ \ "^M (>< - i^) r (n -I- 2;/) 

" hxL^:+,\x) + hLl^-^{x) 
g^xLl^_\' {x)+g^^r^{x) 



(29) 
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where the relativistic energy levels are given by 

E = E^,^^^kl^= = 0,1,2... (30) 

and L" (x) are the associated Laguerre polynomials [20]; with the following 
notations: 

a = — \/ m? — E'^ , H = ±(j^ — I, ly = \J — cP- ^ x ^2\J ra^ — E^ 
m \ 2 J 

aa . a{>c- v) ^ 

Ji = , /2 = >^-i^, 9i^-B ' 52 = e = a. 

Ex mv Ex. — mv 

3.2 Noncommutative corrections of the energy 

Now to obtain the modification to the energy levels as a result of the terms (I26p 
due to the non-commutativity of space-space, we use perturbation theory up to 
the first order. With respect the selection rules AZ = we have: 





Ai?„, = A£;2 + A£;S, 




(31) 


where: 










2 /•47r /.oo . 












(32) 




- dil [V4,M {r. 0, ^) ■ ( ^^ x 


— )]lpnj'l'M' 





where 



— o^'^e^'^ f33) 



f+oo 

si'h r-'{f+9')dr, (34) 

Jo 

r+oo 

r-'{f-9')dr, (35) 







477 

©il.M.M' = / dnn]^,, {d, ^) ■ t)n,iM' {e, ^) , (36) 







4- . ^ 



^uImm' = /„ '^""l«f ^) ^ • (7 X ^)%,M' (0, ^) . (37) 
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where the radial integrals are given by 



(1) I \'i 
On I = ("^a) 



3E>c {Ex — m) — [v^ - 1) 



m^v (4i/2 - 1) (j/2 „ 1) 
(2) _ 2 {maf E ^1 + 2miy^ - 3Ek 



(38) 
(39) 



Nlf 



The selection rules for the possible transitions between levels [nI^ 

are A/ = and AAf = 0, ±1, where N = n+\K\ describes the principal quantum 
number. The 2Pi/2 and 2P3/2 levels correspond respectively to: 



(n = l,j = l/2,>^=l,A/ = ±l/2) 



and 



in = 0,j = 3/2,>< = 2,A/ = ±1/2, ±3/2). 
The corresponding angular corrections are given by (we take Oi — OSi^): 



e 



(1) 

2P1/2 



e 



(1) 
2P3 



e 



(2) 
2P, 



I' 

0, 



-1 
1 

-A 
A 



2 
3 

3 
1 



A = 



±1^1, ± 



1^1 



e 



2 p. 



3/2 



(40) 

1 

(41) 
(42) 



where Ajp^^^^ and ^^p^^^ are respectively the eigenvalues of the angular part. 
From 132]), (1331), dMl and ^ we can write: 



AE' 



2Pv2 = -Ye2P,/2^2P,/2 = T6.57668 x 10^ \e\ (eVf 



AE- 



2P: 



3/: 



3/2 



= 1.578 X 10^ ±|6l|,±-|6l| [eV) 



(43) 

(44) 



According to Ref. the current theoretical accuracy on the 2P Lamb shift 
is about 0.08 kHz. From the splitting p3)) . we get the bound 



and from the splitting (|44p . we get the bound 

e < {2GeVy^ or 61 < (1, 2GeV)~^ 

It is worth mentioning that the second term of the perturbation in the hamil- 
tonian expression p6| does not remove the degeneracy of the energy levels be- 
cause it is a non-diagonal matrix. However, for instance, the non-vanishing 
matrix elements between 25*1/2 {n = 1,.? = 1/2, k = —1, M = ±1/2) and 2Pi/2 
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(n = l,j = 1/2, K= 1,M = ±1/2) states for the selection rules AZ = 1 and 
AM = 0, ±1 give the possible transition: 



1/2 

















r4 J 



2<S'l/2) - -r02Si/2->2Pi/2£'2Si/2^2Pi/2> 



where 



and 



where 
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2Si/2^2Pi/2 



1 

-1 



£'2Si,2^2Pi, 



2(mai) El m + 2mi>f — SEim: 
J/i - 1) _ 1) ■ 



(45) 
(46) 
(47) 



K =\, 1/1 = Vl — e**, fli = —\lm? — E?, El = ^ 



1 



From (|45l) . and (|Tf)) there is an energy splitting of the levels equal to 

Ai?2S,/2-2P,,2 - 2^ ,,(4.2_i)(,2_i) 1^1 - " (48) 

This splitting is very similar to the anomalous Zeeman effect or Stark ef- 
fect at second order. Although the transition energy is small compared to the 
Bohm shift Ai?2Pi/,- However is remains important in the case of treatment 
of the hydrogen atom in the framework of noncommutative QCD. This term is 
necessary to maintain the invariance of the modified Dirac equation under the 
Seiberg-Witten maps. 

4 Non-relativistic limit of NC Dirac equation 



The non-relativistic limit of the noncommutative Dirac equation (|23p corre- 
sponds to X 'if' [H], where, by restoring the constants c and h, the wave 
function takes the new form 

ip {t, r, 0, (fi) = ip' {t, r, e, ip) exp {{-imc^t/h) , (49) 

then, the non-relativistic form of the expression (j23p is given by the following 
set of equations 









X, 











(50) 
(51) 
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where 



A = 



Ahc 



(- 

Vr 



(52) 



If we consider the corrections up to the order of 1/c^, we can write the 
Schrodinger equation of the bi-spinor ip as 



(53) 



where 



H 



1 

2m 

eh 



p A 

c 



e(f> 



P 



eh 



E 



and 



"PnlM (*> '^^ = ^n; (r) f^,=i± 1 ,M <P) : 



(54) 



(55) 



ao = 



, //±M+i 



(56) 
(57) 



The energy corresponding to = in the Schrodinger equation ([5^ is given by 



9 \ 9 
e \ mc 



n = 1,2,3, 



he J 2n2 

After a straightforward calculation, the equation ([51]) takes the form: 



(58) 



2 2 
p e 

2m r 



P 



Sm^e'^ hmc^r'^ 



-I2(^- ^ 



1^ 



2hr^ 



Am?e^r^ 



+ 



^hr"^ 



( & ■ ~t )p^ 



AttS (r 



h^r^ 



^2j,5 



2fi('^ • ~L) 



1 



(59) 



This hamiltonian is the non-relativistic limit of the one in eq. (24) , and contains 
new terms involving the parameter 9 that are similar to the ones of the ordinary 



8 



hyperfine splitting: we can say that the noncommutativity in this case plays 
the same role as the spin interaction between the proton and the electron in the 
presence of a magnetic field, which is responsible for the hyperfine splitting. 

Now to obtain the modification of energy levels as a result of the non- 
commutative terms in eq. ([55]) . we use the first-order perturbation theory. The 
expectation value of non- vanishing terms of the hamiltonian ([5^ with respect 
to the solution in eq. ((53|) are given by ( 0^ = 6Sis and I 0): 



2„4 



Am e 



1 + 1/2 4n_ 



1 



2m 1 



±0 



21 + 1^ ' 



(g-^)) \ 2m, 



[21 + 1) 



(/ + ruj + 1/2) {I - ruj + 1/2) 



(2/ + 1) 



(/ + rrij + 1/2 ± 1) - rrij + 3/2) 



(2(;±i) + i)^ 
J u + 1) - / (/ + 1) - 



-¥ — > 



— >■ 



l] h^-L 



1 



J u + 1)- 1(1 + 1) 



t 



21 + 1^ 

for / = and for / ^ 0, 



= 29me^hmj 1 + 



1 



21 + 1 



1 



(60) 



(61) 



2aon' 



where we have ~^ — , (S^) = , (Lz) = {Jz — Sz) = hmj {l + jITt) 

and the positive and negative sings correspond to j = Z 4- 1/2 and j — I — 1/2 
respectively. In the above Oq is the Bohr radius. 
Finally the first-order energy correction is 



Aeil ^0) = Aeo + Aeg. 



(62) 
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The first term Asq represents the ordinary fine-structure correction and is given 
by: 



1 + 1/2 An 



Arrive 



(63) 

The last term Ae^ is very similar to that of the hyperfine structure correction, 
where 9 is now replacing spin and magnetic field, and is given by: 



Aee = -e mj 



-1 



5± 



It 



1 



21 + 1 



± 



{21 + 1) 



21 + 1, 

{I + nij + 1/2) (/ - + 1/2) 



+ 
+ 

where 



{I + nij + 1/2 ± 1) (/ - m.j + 3/2) 



(2 ± 1) + 1 

IT ' 



{21 

(0 + 



2/ + 1 



J {j + l)^l{l + l) + - 



1 



1 



aln^ I {I + 1/2) (Z + 1) ' 

2 1 
a^n^ {21 + 3) {21 - 1) {I + 1/2) 

1 1 
3agn3 {I + 2) {I- 1) {I + 1/2) 



l{l + l) 



n^l{l + l) {21 + 3) {I -1/2) 



n2 l{l + l) 



(64) 

(65) 
(66) 

(67) 



This result shows that, in the non-commutative non-relativistic theory, the 
degeneracy is completely removed and describes the correction of the fine struc- 
ture of the spectrum, and corresponds to the hyperfine splitting. Thus by 
comparing to the data one can get an experimental bound on the value of 9. 

For the case Z = all terms in eq. (pT|) vanish except the fourth and fifth 
ones. These terms give a divergence and hence we use the Aqcd (~ 200MeV) 
cutoff (see ref [53]) and obtain the result: 



( ((a . 9)/r^ - 4 (a . 7^) {9- ^)/r'))^^ = y 



QCD- 



(68) 



From equation (65) we obtain the modified energy level in noncommutative 
space-space in the non-relativistic limit for the state IS: 



Aeg = -a^rn^K 



QCD 



(69) 
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According to Ref. [35] the current theoretical accuracy on the IS Lamb shift 
is about 14 kHz. From the sphtting (|68|) . the bound is given by 

< {5.6GeVy^ (70) 

This value is better than the limit obtained in [141 [53] and it justifies our 
expansion of the Hamihonian in eq (|26p . 

5 Conclusions 

In this work we proposed an invariant noncommutative action for a Dirac parti- 
cle under the generalised infinitesimal gauge transformations. Using the Seiberg- 
Witten maps and the Moyal product, we generalised the equation of motion with 
a noncommutative space-space and derived the modified Dirac equation for a 
Coulomb potential to the first order of 9. By perturbation-theory methods in 
first order, we derived the noncommutative corrections of the energy. In addition 
to the hamiltonian given in |10) where the authors have used the noncommuta- 
tive Bopp-shift, another term appears in the Hamiltonian which is similar to the 
interaction term describing charged particles in a non-zero magnetic field. This 
non-diagonal term is a vectorial potential due to the invariance of the modified 
Dirac equation under the Seiberg-Witten maps. In this case the degeneracy of 
energy-level states is removed and the lamb-shift is induced. The bound we 
found on 9 has the same order of magnitude obtained in ref. [lOj . 

In the non-relativistic limit, we have obtained a general modified form of the 
hamiltonian of the hydrogen atom with new terms involving the 9 parameter. 
This expression is similar to the hyperfine structure one. The expression of 
the hamiltonian (in the non-relativistic limit) which describes the hyperfine 
correction in the hydrogen atom imply that the noncommutativity plays the 
role of the magnetic field (Zeeman effect) and the role of the spin (of the proton 
or nucleon). Then the interaction electron- nucleon is equivalent to an electron in 
a noncommutative space-space. In this case, the degeneracy of the energy-level 
states is completely removed and the bound on 9 was derived. 
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